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Some special 𝑝-groups and nearrings with identity

Iryna Raievska, Maryna Raievska

Clearly every associative ring is a nearring and each group is the additive group of a nearring,
but not necessarily of a nearring with identity. The question what group can be the additive
group of a nearring with identity is far from solution.

We investigate 𝑝-groups with cyclic subgroup of index 𝑝 as the additive groups of nearrings
with identity.

In [1, Theorem 12.5.1] it was proved that there exist seven types of 𝑝-groups with cyclic
subgroup of index 𝑝.

Theorem 1. Let 𝐺 be a group from [1, Theorem 12.5.1]. 𝐺 is the additive group of a
nearring with identity iff one of the following statement holds:

(1) 𝐺 = ⟨𝑎| 𝑎𝑝𝑛 = 1⟩, 𝑛 ≥ 1.
(2) 𝐺 = ⟨𝑎, 𝑏| 𝑎𝑝𝑛−1

= 1, 𝑏𝑝 = 1, 𝑏𝑎 = 𝑎𝑏⟩, 𝑛 ≥ 2.
(3) 𝐺 = ⟨𝑎, 𝑏| 𝑎𝑝𝑛−1

= 1, 𝑏𝑝 = 1, 𝑏𝑎 = 𝑎1+𝑝𝑛−2
𝑏⟩, 𝑝 is odd, 𝑛 ≥ 3.

(4) 𝐺 is a dihedral group of order 8.
(5) 𝐺 = ⟨𝑎, 𝑏| 𝑎2𝑛−1

= 1, 𝑏2 = 1, 𝑏𝑎 = 𝑎1+2𝑛−2
𝑏⟩, 𝑛 ≥ 4.

Denote by 𝑛(𝐺) the number of all non-isomorphic zero-symmetric nearrings with identity
whose additive group 𝑅+ is isomorphic to the group 𝐺.

So using [3, Theorem 7.1] and [2] we can easily conclude the following result:

Proposition 1. Let 𝐺 be a non-abelian group from Theorem 1. Then the following
statements hold:

(1) If 𝑝 = 2 and 𝑛 = 3, then 𝑛(𝐺) = 7.
(2) If 𝑝 = 2 and 𝑛 = 4, then 𝑛(𝐺) = 32.
(3) If 𝑝 = 2 and 𝑛 > 4, then 𝑛(𝐺) = 2𝑛+2.
(4) If 𝑝 = 3, then 𝑛(𝐺) = 3𝑛−2.
(5) If 𝑝 > 3, then 𝑛(𝐺) = 𝑝𝑛−3.

References
1. M. Hall, Jr., The Theory of Groups, The Macmillan Company, New York, 1959.
2. J. R. Clay, Research in near-ring theory using a digital computer, BIT 10 (1970), 249–265.
3. R. R. Laxton, R. Lockhart, The near-rings hosted by a class of groups, Proc. Edinb. Math. Soc. (2) 23 (1980),

69–86.



XII International Algebraic Conference in Ukraine 93

Contact information

Iryna Raievska
Department of Algebra and Topology, Institute of mathematics of NAS of Ukraine, Kyiv,
Ukraine
Email address : raeirina@imath.kiev.ua
URL: https://www.imath.kiev.ua/~algebra/Raievska_I/

Maryna Raievska
Department of Algebra and Topology, Institute of mathematics of NAS of Ukraine, Kyiv,
Ukraine
Email address : raemarina@imath.kiev.ua
URL: https://www.imath.kiev.ua/~algebra/Raievska_M/

Key words and phrases. 𝑝-Group, nearring with identity

Reduction of nonsingular matrices over rings of almost

stable range 1

Andriy Romaniv

All rings consider of will be a commutative with nonzero units. Recall that a ring 𝑅 is a
Bezout ring if it every finitely generated ideal is principal. A ring 𝑅 is called an elementary
divisor ring if for any 𝑛×𝑚 matrix 𝐴 over 𝑅 there exist invertible matrices 𝑃 ∈ 𝐺𝐿𝑛(𝑅) and
𝑄 ∈ 𝐺𝐿𝑚(𝑅) such that 𝑃𝐴𝑄 = 𝐷 is a diagonal matrix. 𝐷 = (𝑑𝑖𝑖) and 𝑑𝑖+1,𝑖+1𝑅 ⊆ 𝑑𝑖𝑖𝑅 [1].

We denote by 𝐺𝐸𝑛 the subgroup of 𝐺𝐿𝑛(𝑅) generated by the elementary matrices.
A ring 𝑅 is called a ring of stable range 1 if for any elements 𝑎, 𝑏 ∈ 𝑅 the equality 𝑎𝑅+𝑏𝑅 = 𝑅

implies that there is some 𝑥 ∈ 𝑅 such that (𝑎+ 𝑏𝑥)𝑅 = 𝑅.

Definition 1. An element 𝑎 ̸= 0 of a commutative ring 𝑅 is called an element almost stable
range 1 if the stable range of a factor-ring 𝑅/𝑎𝑅 is equal to 1. If all nonzero elements of a ring
𝑅 are elements of almost stable range 1 then we say that 𝑅 is a ring of almost stable range 1.

Theorem 1. Let 𝑅 be commutative Bezout domain of almost stable range 1, then for
any nonsingular matrix of size 𝑛 we can find such unimodular matrices 𝑃 ∈ 𝐺𝐸𝑛(𝑅) and
𝑄 ∈ 𝐺𝐿𝑛(𝑅), that

𝑃𝐴𝑄 =

⎛⎜⎜⎝
𝜀1 0 . . . 0
0 𝜀2 . . . 0
...

... . . . ...
0 0 . . . 𝜀𝑛

⎞⎟⎟⎠ ,

where 𝜀𝑖 is divisor 𝜀𝑖+1, 1 ≤ 𝑖 ≤ 𝑛− 1.
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