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Lie algebras of derivations with large abelian ideals

Ihor Klimenko, Svitlana Lysenko, Anatoliy Petravchuk

Let K be a field of characteristic zero, 𝐴 = K[𝑥1, ..., 𝑥𝑛] the polynomial ring and 𝑅 =

K(𝑥1, . . . , 𝑥𝑛) the field of rational functions in 𝑛 variables. The Lie algebra ̃︁𝑊𝑛(K) := 𝐷𝑒𝑟K𝑅

of all K-derivation of 𝑅 is of great interest because elements of ̃︁𝑊𝑛(K) (which are of the form

𝐷 = 𝑓1
𝜕

𝜕𝑥1
+ · · · + 𝑓𝑛

𝜕

𝜕𝑥𝑛
, 𝑓𝑖 ∈ 𝑅) can be considered as vector fields on K𝑛 with rational

coefficients 𝑓1, . . . , 𝑓𝑛 ∈ 𝑅. Lie algebras of vector fields were studied by many authors (see for
example [2], [1] and others).

Since ̃︁𝑊𝑛(K) is a vector space of dimension 𝑛 over 𝑅 one can define the rank rk𝑅𝐿 over 𝑅 for
any subalgebra 𝐿 ⊆ ̃︁𝑊𝑛(K) by the rule: rk𝑅𝐿 := dim𝑅𝑅𝐿. We study subalgebras 𝐿 ⊆ ̃︁𝑊𝑛(K)
of rank 𝑚 over 𝑅 which have an abelian ideal 𝐼 of the same rank 𝑚 over 𝑅. A natural basis
over F, the field of constants for 𝐿 in 𝑅, for such Lie algebras is built.

Theorem 1. Let 𝐿 be a subalgebra of rank 𝑚 over 𝑅 of the Lie algebra ̃︁𝑊𝑛(K) with an abelian
ideal 𝐼 ≤ 𝐿 of the same rank 𝑚 over 𝑅. Then there exist a basis 𝐷1, . . . , 𝐷𝑚 of the Lie algebra
𝐹𝐿 over 𝐹 and elements 𝑎1, . . . , 𝑎𝑘 ∈ 𝑅, 𝑘 ≥ 1 such that 𝐷𝑖(𝑎𝑗) = 𝛿𝑖𝑗, 𝑖 = 1, . . . ,𝑚, 𝑗 = 1, . . . , 𝑘.

Every element 𝐷 ∈ 𝐹𝐿 can be written in the form 𝐷 =
𝑚∑︀
𝑖=1

𝑓𝑖(𝑎𝑖, . . . , 𝑎𝑘)𝐷𝑖 for some polynomials

𝑓 ∈ K[𝑡1, . . . , 𝑡𝑘], 𝑑𝑒𝑔𝑓𝑖 ≤ 1.

Using properties of this basic one can prove that the Lie algebra 𝐹𝐿 over the field 𝐹 can be
isomorphically embedded into the general affine Lie algebra aff𝑚(𝐹 ). This result can be used to
study solvable finite dimensional subalgebras 𝐿 ⊆ ̃︁𝑊𝑛(K). Note that in cases 𝑛 = 2 and 𝑛 = 3
this theorem was proved in [3] and [4] respectively.
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On eigenvalues of random partial wreath product

Eugenia Kochubinska, Olena Krytska

Partial wreath 𝑛-th power of symmetric inverse semigroup ℐ𝑑 is a semigroup defined recur-
sively by

𝒫𝑛 = (𝒫𝑛−1) ≀𝑝 ℐ𝑑 = {(𝑓, 𝑎)|𝑎 ∈ ℐ𝑑, 𝑓 : dom(𝑎)→ 𝒫𝑛−1}, 𝑛 ≥ 2,

with composition
(𝑓, 𝑎) · (𝑔, 𝑏) = (𝑓𝑔𝑎, 𝑎𝑏),

and 𝒫1 = ℐ𝑑.

To a randomly chosen element 𝑥 ∈ 𝒫𝑛, we assign the matrix

𝐴𝑥 =
(︁

1{𝑥(𝑣𝑛𝑖 )=𝑣𝑛𝑗 }

)︁𝑑𝑛

𝑖,𝑗=1
.

In other words, (𝑖, 𝑗)-th entry of 𝐴𝑥 is equal to 1 if transformation 𝑥 maps 𝑖 to 𝑗, and 0
otherwise.

Let 𝜒𝑥(𝜆) be the characteristic polynomial of 𝐴𝑥 and 𝜆1, . . . , 𝜆𝑑𝑛 be its roots respecting
multiplicity.

Denote by

Ξ𝑛 =
1

𝑑𝑛

𝑑𝑛∑︁
𝑘=1

𝛿𝜆𝑘

a uniform distribution on eigenvalues of 𝐴𝑥.
Let 𝑥 ∈ 𝒫𝑛 let 𝜂𝑛(𝑥) = Ξ𝑛(0) be a fraction of zero eigenvalues 𝐴𝑥 and 𝜉𝑛(𝑥) = 1− 𝜂𝑛(𝑥) be

a fraction of nonzero eigenvalues. Then we have

𝜂𝑛(𝑥)
P−→ 1, 𝑛→∞,

or, equivalently,

𝜉𝑛(𝑥)
P−→ 0, 𝑛→∞.
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