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Separability of the lattice of 𝜏 -closed totally 𝜔-composition

formations of finite groups

Inna P. Los, Vasily G. Safonov

All groups considered are finite. All notations and terminologies are standard [1]-[5].
Let 𝜔 be a non-empty set of primes. Every function of the form 𝑓 : 𝜔

⋃︀
{𝜔′} → {formations}

is called an 𝜔-composition satellite. For any 𝜔-composition satellite 𝐶𝐹𝜔(𝑓) = {𝐺|𝐺/𝑅𝜔(𝐺) ∈
𝑓(𝜔

′
) and 𝐺/𝐶𝑝(𝐺) ∈ 𝑓(𝑝) for all 𝑝 ∈ 𝜋(𝐶𝑜𝑚(𝐺)) ∩ 𝜔}. If the formation F is such that

F = 𝐶𝐹𝜔(𝑓) for some 𝜔-composition satellite 𝑓 , then it is 𝜔-composition formation, and 𝑓 —
𝜔-composition satellite of this formation.

Every formation of groups is called 0-multiply 𝜔-composition. For 𝑛 ≥ 1, a formation F is
called 𝑛-multiply 𝜔-composition, if it has an 𝜔-composition satellite 𝑓 such that every value
𝑓(𝑝) of 𝑓 is an (𝑛− 1)-multiply 𝜔-composition formation. A formation F is called totally
𝜔-composition if it is 𝑛-multiply 𝜔-composition for all natural 𝑛.

Let for any group 𝐺, 𝜏(𝐺) be a set of subgroups of 𝐺 such that 𝐺 ∈ 𝜏(𝐺). Then we say
following [5] that 𝜏 is a subgroup functor if for every epimorphism 𝜙 : 𝐴→ 𝐵 and any groups
𝐻 ∈ 𝜏(𝐴) and 𝑇 ∈ 𝜏(𝐵) we have 𝐻𝜙 ∈ 𝜏(𝐵) and 𝑇𝜙−1 ∈ 𝜏(𝐴). A class F of groups is called
𝜏 -closed if 𝜏(𝐺) ⊆ F for all 𝐺 ∈ F.

Let X be some set of groups. Then 𝑐𝜏𝜔∞form X denotes the totally 𝜔-composition formation
generated by X, i.e. 𝑐𝜏𝜔∞formX is the intersection of all 𝜏 -closed totally 𝜔-composition formations
containing X. For any two 𝜏 -closed totally 𝜔-composition formations M and H, we write
M ∨𝜏𝜔∞ H = 𝑐𝜏𝜔∞form(M ∪ H).

With respect to the operations ∨𝜏𝜔∞ and ∩ the set 𝑐𝜏𝜔∞ of all 𝜏 -closed totally 𝜔-composition
formations forms a complete lattice. Formations in 𝑐𝜏𝜔∞ are called 𝑐𝜏𝜔∞-formations.

Let X be a non-empty class of finite groups. A complete lattice 𝜃 of formations is called
X-separable, if for every term 𝜈(𝑥1, ..., 𝑥𝑛) of signature {∩,∨𝜃}, 𝜃-formations F1, ..., F𝑛 and
every group 𝐴 ∈ X ∩ 𝜈(F1, ...,F𝑛) are exists X-groups 𝐴1 ∈ F1, ..., 𝐴𝑛 ∈ F𝑛 such that 𝐴 ∈
𝜈(𝜃form𝐴1, ..., 𝜃form𝐴𝑛). In particular, if X = G is the class of all finite groups then the lattice
𝜃 of formations is called G-separable or separable.

Theorem 1. The lattice 𝑐𝜏𝜔∞ all 𝜏 -closed totally 𝜔-composition formations is G-separated.

Let 𝜏 be the trivial subgroup functor or let 𝜔 be the set of all primes. Then we obtain
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Corollary 1. The lattice 𝑐𝜔∞ all totally 𝜔-composition formations is G-separated.

Corollary 2. The lattice 𝑐𝜏∞ all 𝜏 -closed totally composition formations is G-separated.
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Definition of invertibility property for loops via

translations

Alla Lutsenko

A quasigroup can be defined as a groupoid (𝑄; ·) in which all left translations 𝐿𝑎 (𝐿𝑎(𝑥) := 𝑎·𝑥)
and all right translations 𝑅𝑎 (𝑅𝑎(𝑥) := 𝑥 · 𝑎) are bijections of the carrier 𝑄. In a quasigroup, a
definition of a middle translation 𝑀𝑎 (𝑀𝑎(𝑥) = 𝑦 :⇔ 𝑥𝑦 = 𝑎) is also possible. Therefore, an
element 𝑒 of a quasigroup is neutral, if left and right translations defined by 𝑒 are identical
transformations of the carrier: 𝐿𝑒 = 𝑅𝑒 = 𝜄. A quasigroup having a neutral element is called a
loop.

The invertibility property also can be defined via translations of a quasigroup. Rememder
that a quasigroup has [1, 2]:

∙ a left inverse property (briefly, a left IP-quasigroup), if there is a transformation 𝜆 such
that for all 𝑥, 𝑦 𝜆𝑥 · 𝑥𝑦 = 𝑦;
∙ a right inverse property (briefly, a right IP-quasigroup), if there is a transformation 𝜌
such that for all 𝑥, 𝑦 𝑦𝑥 · 𝜌𝑥 = 𝑦;
∙ a left cross inverse property (briefly, a left CIP-quasigroup), if there is a transformation
𝛾 such that for all 𝑥, 𝑦 𝛾(𝑥) · 𝑦𝑥 = 𝑦;
∙ a right cross inverse property (briefly, a right CIP-quasigroup), if there is a transforma-
tion 𝛿 such that for all 𝑥, 𝑦 𝑥𝑦 · 𝛿(𝑥) = 𝑦.

The defining equalities can be written as 𝐿𝜆𝑥𝐿𝑥 = 𝜄, 𝑅𝜌𝑥𝑅𝑥 = 𝜄, 𝐿𝛾𝑥𝑅𝑥 = 𝜄, 𝑅𝛿𝑥𝐿𝑥 = 𝜄
respectively [1], i.e.,

𝐿−1
𝑥 = 𝐿𝜆𝑥, 𝑅−1

𝑥 = 𝑅𝜌𝑥, 𝑅−1
𝑥 = 𝐿𝛾𝑥, 𝐿−1

𝑥 = 𝑅𝛿𝑥.

Thus, the common property for all these classes of quasigroups is the following: each translation
of a quasigroup is also a translation of the quasigroup.
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