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Exponential sums on the sequences of inversive
congruential pseudorandom numbers with the variable
shifts
Pavel Varbanets, Sergey Varbanets
The investigation of the sequences {𝑥𝑛 } of pseudorandom numbers under the interval [0,1)
can be executed by the estimates of special exponential sums over the sequences of these numbers.
A nontrivial estimate of such sum was being obtained by H. Niederreiter in the work [1]:
Let {𝑥𝑘 } is the linear congruential pseudorandom numbers with the period 𝜏 produced by
the congruential recursion 𝑥𝑛+1 ≡ 𝑎𝑥𝑛 + 𝑏 (mod 𝑚). Then
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where 1 ≤ 𝑁 ≤ 𝜏 ; ℓ is the exponent of 𝑎 (mod 𝑚).
In our talk we consider the analogous exponential sum for the sequence {𝑥𝑛 } generated by
the inversive congruential generators of type
(1) 𝑥𝑛+1 ≡ 𝑥𝑎𝑛 + 𝑏(𝑛) (mod 𝑝𝑚 ),
𝑎
(2) 𝑥𝑛+1 ≡ 𝑥𝑛−1
+ 𝑏(𝑛) (mod 𝑝𝑚 )
𝑥𝑛
with conditions (𝑎, 𝑝) = 1, 𝑏(𝑛) ≡ 0 (mod 𝑝𝛽 ) for all 𝑛 ∈ N.
Moreover, we use the representations {𝑥𝑛 } as a polynomials on 𝑛 over Z𝑝𝑚 and derive
the nontrivial estimates for "Kloosterman sums" on the sequences of pseudorandom numbers
produced by the recursion (1) or (2).
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Inversive congruential generator of the second order with a
variable shift
Sergey Varbanets
Our talk is devoted to research of statistical properties of the sequences of pseudorandom
numbers produced by the inversive generator of second order
𝑎
+ 𝑏 + 𝑐𝐹 (𝑛) (mod 𝑝𝑚 ),
(1)
𝑦𝑛+1 ≡
𝑦𝑛−1 𝑦𝑛
with (𝑎, 𝑝) = (𝑦0 , 𝑝) = (𝑦1 , 𝑝) = 1, 𝑏 ≡ 𝑐 ≡ 0 (mod 𝑝), and 𝐹 (𝑛) ∈ Z[𝑛].
Using the recursion (1) we obtaine the representation
𝑦𝑛 =
(𝑛)
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(𝑛)

(𝑛)

(𝑛)

(𝑛)

(𝑛)

(𝑛)

(𝑛)

𝐴0 + 𝐴1 𝑦0 + 𝐴2 𝑦1 + 𝐴3 𝑦0 𝑦1

,

(2)

𝐵0 + 𝐵1 𝑦0 + 𝐵2 𝑦1 + 𝐵3 𝑦0 𝑦1

(𝑛)

where the coefficients 𝐴𝑗 , 𝐵𝑗 , 𝑗 = 0, 1, 2, 3 can be prescribe as the polynomials 𝑓𝑖 (𝑘) for
𝑛 = 3𝑘 + 𝑖, 𝑖 = 0, 1, 2.
We determinate a period length of the sequence {𝑦𝑛 }, besides this period reaches a maximum
𝜏 = 3𝑝𝑚−𝜈0 −𝛼 if 𝜈𝑝 (𝑦0 𝑦12 − 𝑎) < 𝜈𝑝 (𝑏) = 𝛼.
Moreover, we prove that the sequence of pseudorandom numbers passes 3-dimensional test on
the statistical independence. Obtained results are analogue of similar results for the congruential
inversive pseudorandom sequences of the first order investigated in [1],[2].
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