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PROPOSITION 1. Let Q(x) = ( f (1) ) Then 1) Q(z)" = ( Fﬁzg) Ffiis(ci) ) for all

n € Z; 2) det Q(z)" = (—1)" (Cassini’s identity).

PROPOSITION 2. Let R(z) = < g _2$ ) Then 1) Q(xz)R(z) = R(z)Q(x); 2) Q(x)"R(x) =

Lyii(z)  Ln(x) , N (g2 esins identi
( Ln(z)  Lna(x) > foralln € Z; 8) det (Q(z)"R(z)) = (—=1)""(x*+4) (C dentity).

w being

PROPOSITION 3. The n-th Fibonacci polynomial may be written as Fy,(z) = =

o = VI (Binet’s formula).
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On the structure of finite groups whose non-normal
subgroups are core-free

LEONID A. KURDACHENKO, ALEKSANDR A. PYPKA, IGOR YA. SUBBOTIN

Let G be a group. The following two normal subgroups are associated with any subgroup H
of the group G: H®, the normal closure of H in a group G, the least normal subgroup of G
including H, and Coreg(H ), the (normal) core of H in G, the greatest normal subgroup of G
which is contained in H. We have HY = (H®|x € G) and Coreg(H) = (| H®. A subgroup

zeG
H is normal if and only if H = HY = Coreg(H). In this sense, the subgroups H, for which
Coreg(H) = (1), are the complete opposite of the normal subgroups. A subgroup H of a group
G is called core—free in G if Coreq(H) = (1).

There is a whole series of papers devoted to the study of groups with only two types of
subgroups. In particular, from the results of [1] it is possible to obtain a description of groups
that have only two possibilities for each subgroup H: H® = H or HY = G. In this connection,
a dual question naturally arises on the structure of groups in which there are only two other
possibilities: Cores(H) = H or Coreg(H) = (1). The finite groups having this property have
been studied in [2].
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Our main result gives a description of the finite soluble groups, whose non—normal subgroups
are core—free. As we noted above, the finite groups whose non—normal subgroups are core—free
were studied in [2]. Our description is more detailed than the description given in Theorem 1 of
this paper. We also note that the proof of Lemma 5 of the paper |2] contains a gap (only the
case when the both factor-groups G/N; and G /N, are non-abelian) and mistake (the fact that
H is a subgroup of T' x A does not imply that H = H; x Hy where H; < T and Hy < A).

Let G be a group. The intersection of all non—trivial normal subgroups Mon(G) of G is
called the monolith of a group G. If Mon(G) # (1), then the group G is called monolithic.

THEOREM 1. Let G be a finite soluble group, whose non-normal subgroups are core—free.
Suppose that G is not a Dedekind group. Then G is monolithic.
If the center of G includes the monolith, then G = KE where K is a cyclic p—subgroup, E
is an extraspecial p-subgroup, K = ((G) and K N E = |G, G| is a subgroup of order p, p is a
prime.
If the monolith of G is not central, then G = Mon(G) X\ A, and:
(i) Mon(G) is elementary abelian p—subgroup for some prime p and A is a p'-group;
(i) [G,G] = Mon(G) = Ce(Mon(Q));
(i) whether the subgroup A is cyclic, or A = Q) X B where Q) is a quaternion group of order
8, and B is a cyclic 2'—subgroup;
(iv) if C is another complement to Mon(G) in G, then the subgroups A and C' are conjugate.
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