XII International Algebraic Conference in Ukraine 63

CONTACT INFORMATION

Ivan Kyrchei

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics, NAS of Ukraine,
Lviv, Ukraine

Email address: kyrchei@online.ua

Key words and phrases. Matrix equation, quaternion determinant, Moore-Penrose inverse,
Cramer’s Rule

(z,k)-equivalence of matrices over Euclidean quadratic
rings and solutions of matrix equation AX+YB=C

NATALIJA LADZORYSHYN, VASYL’ PETRYCHKOVYCH

Let K=7 [\/E] be a Euclidean quadratic ring, e(a) be the Euclidean norm a € K [1].

DEFINITION 1. Matrices A, B € M (n,K) are called (z,k)-equivalent if there exist invertible
matrices S € GL (n,Z) over the ring of integers Z and @ € GL (n,K) over quadratic ring K
such that A = SBQ.

We established the standard form of matrices over a Euclidean quadratic ring with respect

to the (z,k)-equivalence and used it to the description of the structure of solutions of the matrix
equation AX +YB =C.

THEOREM 1. Let D4 = diag (uf, e ;L;?) be the Smith normal form of a matrix A. Then the
matriz A is (z,k)-equivalent to the triangular form T with invariant factors pu, i =1,...,n on
the main diagonal that is

SAQ=T*=TD" SeGL(n,Z), Qe€GL(nK) (1)
where T = ||tz]H71L is the lower unitriangular matriz namely t;; =0 if 1 < j, t;j; =1 if 1 =]
and t;; =0 if pt =1; e(ti;) < e(uf) for ti; #0, i,5=1,...,n, 1> J.

If K is a Euclidean imaginary quadratic ring, then the matriz A has a finite number of

triangular form T4 in the form (1) with respect to (z,k)-equivalence.

Consider the matrix equation
AX+YB=C, (2)
where A, B,C € M (n,K) are given matrices and X,Y € M (n,K) are unknown matrices. Let
pair of matrices (A, B) be the (z,k)-equivalent to the pair (7, T7) of matrices T and T in
the form (1) that is SAQs = T4, SBQp =T", S € GL(n,Z), Q4,Qp € GL (n,K) [2]. Then
from the equation (2) we get the equation
TAH +WTP =C, (3)

where H = Q;'XQp, W = SYS~!, C = SCQp. The matrix equations (2) and (3) are
equivalent. Thus the description of the solutions of equation (2) are reduced to the description
of the solutions of equation (3).

THEOREM 2. [f the equation (3) has a solution then it has such solutions H = Hh””;l,
W = waHT that hij =0 if p; = 1, and e(hy;) < e(u?) if hij #0, 4,5 =1, ...,n.

If K is a Euclidean imaginary quadratic ring, then the equation (3) has a finite number of
such solutions.



64 XII International Algebraic Conference in Ukraine

References

1. H. Hasse, Number theory, Classics in Mathematics, Springer-Verlag, New York-Berlin, 1980.
2. N. Ladzoryshyn, V. Petrychkovych, Equivalence of pairs of matrices with relatively prime determinants over
quadratic rings of principal ideals, Bul. Acad. Stiinte Repub. Mold. Mat. 3 (2014), 38—48.

CONTACT INFORMATION

Natalija Ladzoryshyn

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics National Academy
of Sciences of Ukraine, Lviv, Ukraine

Email address: natalja.ladzoryshyn@gmail.com.ua

Vasyl’ Petrychkovych

Key words and phrases. Quadratic ring, (z,k)-equivalence of matrices, matrix equation

Separability of the lattice of 7-closed totally w-composition
formations of finite groups

INNA P. Los, VASILY G. SAFONOV

All groups considered are finite. All notations and terminologies are standard [1]-[5].

Let w be a non-empty set of primes. Every function of the form f : w|J{w'} — {formations}
is called an w-composition satellite. For any w-composition satellite CF,(f) = {G|G/R,(G) €
f(W) and G/CP(G) € f(p) for all p € 7(Com(G)) Nw}. If the formation § is such that
§ = CF,(f) for some w-composition satellite f, then it is w-composition formation, and f —
w-composition satellite of this formation.

Every formation of groups is called 0-multiply w-composition. For n > 1, a formation § is
called n-multiply w-composition, if it has an w-composition satellite f such that every value
f(p) of fis an (n — 1)-multiply w-composition formation. A formation § is called totally
w-composition if it is n-multiply w-composition for all natural n.

Let for any group G, 7(G) be a set of subgroups of G such that G € 7(G). Then we say
following [5] that 7 is a subgroup functor if for every epimorphism ¢ : A — B and any groups
H e 7(A) and T € 7(B) we have H? € 7(B) and T% ' € 7(A). A class § of groups is called
T-closed if 7(G) C § for all G € §.

Let X be some set of groups. Then ¢/, _form X denotes the totally w-composition formation
generated by X, i.e. ¢, _formX is the intersection of all T-closed totally w-composition formations
containing X. For any two 7-closed totally w-composition formations 9 and $), we write
MV, $H=c form(MUH).

With respect to the operations V7, and N the set ¢, of all 7-closed totally w-composition
formations forms a complete lattice. Formations in ¢, are called c, _-formations.

Let X be a non-empty class of finite groups. A complete lattice 6 of formations is called
X-separable, if for every term v(zy,...,x,) of signature {N,Vy}, 6-formations §i, ..., §, and
every group A € X Nv(Fi,...,8,) are exists X-groups A; € §Fi,..., A, € F, such that A €
v(fformAy, ..., 0formA,). In particular, if X = & is the class of all finite groups then the lattice
0 of formations is called -separable or separable.

THEOREM 1. The lattice c[,  all T-closed totally w-composition formations is &-separated.

Let 7 be the trivial subgroup functor or let w be the set of all primes. Then we obtain
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