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Mathematical structures with fractal properties in the
space of sequences of zeros and ones

MYKOLA PRATSIOVYTYI, SOFIIA RATUSHNIAK

Let A ={0,1} be an alphabet and let L =A x A x A x ... x A X ... be a space of sequences
of zeros and ones. An element of this space is denoted by a (a,) or a.
A mapping f of space L onto a set [0, 1] given by a formula

N T Qn — A2

is called a classical binary representation.

The binary representation of numbers is a useful tool to develop binary analysis, metric and
probabilistic theory of numbers. The simplicity of geometry of this representation generates
various applications in the theory of fractals. It is instrument for studying functions with various
fractal properties and complicated local structure (behaviour).

The metrization of space L by means of binary representation and the function
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allows us to develop a theory of fractals in the space L, which has own features and differences
as compared with the Euclidean metric in [0, 1].
Let E C L be a set of all sequences such that frequencies of digits 0 and 1 are equal to
po # 0 and p; = 1 — pg # 0 respectively. In this set, we consider the metric

_ p(1—q)
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where p = (p,1 — p), § = (q,1 — q), and fractal subsets defined by different conditions.

In the metric space (L, f2) we develop theory of fractal sets and others objects with fractal
properties.

In our talk we develop fractal analysis in the space L by using different two-symbol rep-
resentations of real numbers, which are generalizations of classical binary representation (Q3-
representation) or its analogues (Ap-continued fraction representation, etc.). Self-similar and
non-self-similar representations with zero and non-zero redundancy are among them.

Functions with fractal properties and dynamical systems with locally complicated mappings
are studied in detail. In particular, we discuss properties of distribution of values of function

fw(AglsaQ...an...) = Agial 02) 03 (002,08 )om (.o 1)..» WHETE () Is a sequence of finite functions that

are defined on a four-element set A2 = A x A and take values from the set A; and Agﬁaz,.,an,,. is
the @Qj-representation of number z € [0, 1].
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On similarity of tuples of matrices over a field

VOLODYMYR PROKIP

Let F be a field. Denote by F,, ., the set of m x n matrices over F and by F,,.,[21, 22, , Z4)
the set of m x n matrices over the polynomial ring F[xy, 29, ,x,]. In what follows, we denote
by I,, the n x n identity matrix and by 0, the zero m x n matrix. The Kronecker product of
matrices A = [ @i ] € F,.x» and B is denoted by A ® B = [ a;; B } )

Two tuples of n x n matrices A = {A;, Ay, ..., Ay} and B = {By, Bs, ..., By} over a field F
are said to be simultaneously similar if there exists a nonsingular matrix U € F, .., such that
A; =U"'B;U for all i = 1,2,..., k. The task of classifying square matrices up to similarity is
one of the core and oldest problems in linear algebra (see [1], [2], [3] and references therein),
and it is generally acknowledged that it is also one of the most hopeless problems already for
k = 2. For given matrices A;, B; € F,,«,, we define matrices

M,
M,
Mi:[Ai®[n—[n®BiT}EFn2Xn2,i:1,2,...,/{7; and M = . € Frp2xnz.
M,
THEOREM 1. If two tuples of nxn matrices A = {Ay, A, ..., Ay} and B = {By, Bs, ..., By}
over a field F are simultaneously similar then rank M < n?.

Let rank M = n? — r, where r € N. For the matrix M there exists a nonsingular matrix
U € F,2y,2 such that MU = [ H Opp2, }, where H € Fyp2x(n2—p). Put U = [ U, U, ], where

Uy € F,2,,. For independent variables x1, o, ..., x, we construct the vector
T VA(T)
U, I:Z = VZ(E) ,  where Vi(ZT) =Vi(zy,...,2,) € Fpi[z1, 20, ..., 2,]
o) @
THEOREM 2. Two tuples of n x n matrices A = {Ay, A, ..., Ar} and B = {By, Bs, ..., By}
Vi (z)
over a field F of characteristic 0 are simultaneously similar if and only if the matriz Vi (7)
V. (7)

18 monsingular.
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